Given a simplicial graph Γ = (V, E) with a vertex-labelling ϕ : V → {non-trivial groups}, the graph product G Γ is the free product of the vertex groups ϕ(v) with added relations that imply elements of adjacent vertex groups commute. For a quasi-isometric invariant P, we are interested in understanding under which combinatorial conditions on the graph Γ the graph product G Γ has property P. In this article our emphasis is on number of ends of a graph product G Γ whose vertex groups have Serre's fixed point property FA.
Introduction
As the main protagonists in this article are graph products of groups G Γ , we start with the definition of these objects. Given a finite simplicial graph Γ = (V, E) with a vertex-labelling ϕ : V → {non-trivial groups}, the graph product of groups G Γ is defined as the quotient * Before we proceed with the introduction we discuss some examples of graph products of groups. Let us consider the following vertex-labelled graphs:
The graph Γ 1 has no edges, hence G Γ 1 = Sym(3) * Z 23 * Z 2 * Aut(Z 2 * Z 2 * Z 2 * Z 2 ). The graph product G Γ 2 = (Z 2 * Z 2 ) × (Z 2 * Z 2 ) and G Γ 3 = Z × Z × Z × Z. Important cases of graph products of groups arise when we specify the vertex groups. If all vertex groups are cyclic of order 2, then G Γ is a right-angled Coxeter group and if all vertex groups are infinite cyclic, then G Γ is a right-angled Artin group.
Let us observe one more example.
The corresponding graph product G Γ 4 does not admit a description in terms of free and direct products, but it can be written as an amalgamated product of graph products of groups G ∆ 1 * G ∆ 2 G ∆ 3 , where ∆ 1 , ∆ 2 and ∆ 3 are full subgraphs of Γ 4 . An interesting and challenging question is how graph properties of Γ influence the algebraic and geometric structure of G Γ . Many group theoretical properties of graph products of groups have been translated in combinatorial structure of the defining graph Γ. For example, Gromov hyperbolicity, virtual freeness, planarity of the Cayley graph with respect to the canonical generating set [16, Theorem A], coherence [18, Theorem A] . Let us focus on the first two properties and give translations of these geometric structures in combinatorial world of graphs. Hence, hyperbolicity and virtual freeness of G Γ can be checked easily on the graph Γ. The above graph Γ 4 is the Petersen graph with a vertex-labelling. This graph has no induced cycle of length 4, but it has an induced cycle of length 5. Therefore the group G Γ 4 is hyperbolic, but not virtually free.
Graph products of finite vertex groups dictionary
Gromov hyperbolicity and virtual freeness are quasi-isometric invariants. Further example of a quasi-isometric invariant is the number of ends. For a finitely generated group G the number of ends, denoted by e(G), is defined as follows: e(G) := sup {#π u 0 (Cay(G, S) − C) | C ⊆ Cay(G, S) finite subgraph} , where Cay(G, S) is the Cayley graph for G with respect to a finite generating set S and #π u 0 (Cay(G, S) − C) is the number of unbounded connected components of Cay(G, S) − C. It was proven by Hopf in [8] that a finitely generated group has 0, 1, 2 or ∞ ends. Given two finitely generated infinite groups G and H, the number of ends of the direct product G × H is 1 and of the free product G * H is ∞. Graph products of groups interpolate between direct and free products, hence it is natural to ask how the shape of the graph Γ determines the number of ends of the graph product of groups G Γ .
Here we focus on graph products of vertex groups with Serre's property FA. Recall, a group G is said to have Serre's property FA if every simplicial action of G, without inversions, on any simplicial tree has a global fixed point. Examples of groups with property FA are finite groups, 2-spherical Coxeter groups [14, I §6.5 Cor.2], finitely generated torsion groups [14, I §6.5 Cor.2], Aut(W n ) for n ≥ 4 where W n is the right angled Coxeter group whose defining graph Γ has n vertices and no edges [17, Cor. B] and furthermore Aut(G Γ ) where Γ has n ≥ 4 vertices, no edges and the vertex groups are all isomorphic to a finite cyclic group [9, Thm. 1.1].
Before we state the main theorem we need one more definition. A simplicial graph Γ = (V, E) is said to have a separating subgraph ∆ = (X, Y ) if the induced subgraph of Γ with the vertex set V − X has at least two connected components. Note that, if the graph Γ is disconnected then the empty graph is a separating subgraph.
We prove that the number of ends of a graph product of groups G Γ is visible in the defining graph Γ.
Theorem A. Let G Γ be a graph product of vertex groups with Serre's property FA. Decompose Γ as a join Γ 1 * Γ 2 where Γ 1 is a subgraph generated by the vertices which are adjacent to all the vertices of Γ.
(i) The group G Γ has 0 ends if and only if the graph Γ is complete and We immediately obtain the following corollary.
Corollary B. Let G Γ be a graph product of finite groups. Decompose Γ as a join Γ 1 * Γ 2 where Γ 1 is a subgraph generated by the vertices which are adjacent to all the vertices of Γ. The number of ends of arbitrary Coxeter groups were characterized in terms of the defining graph in [12, Cor.16, Cor.17] and in [5, Chapter 8.7 ]. These results were the starting point for our investigations on number of ends of graph products of groups. Our proof of Theorem A involves a structure theorem of groups with more than one end by Bergman [2] and Stallings [15] and Bass-Serre theory of group actions on simplicial trees [14] .
graph products of groups
We start by reviewing the concept of simplicial graphs. A simplicial graph Γ = (V, E) consists of a set V and a set E of 2-element subsets of V . The elements of V are called vertices and the elements of E are its edges.
complete if there is an edge for every pair of distinct vertices. A non-empty simplicial graph Γ is called a tree if Γ is connected and has no induced cycle of length ≥ 3. A graph Γ = (V, E) has a separating subgraph ∆ = (X, Y ) if the induced subgraph of Γ with the vertex set V − X is not connected. If Γ is disconnected, then the empty graph is a separating subgraph.
As the main objects in this article are graph products of groups, we proceed with the definition of these groups, and establish some notation to be used throughout.
Graph products of infinite cyclic vertex groups were introduced by Baudisch in [1] and of arbitrary vertex groups by Green in [7] . Two cases to keep in mind are that the graph product G Γ is the free product of the vertex groups if Γ does not contain any edge, and it is the direct product of the vertex groups if Γ is a complete graph.
Let P be an interesting property of groups. We are interested in understanding under which combinatorial conditions on the graph Γ the group G Γ has property P. A basic algebraic property of groups is finiteness. Finiteness of G Γ can be described easily in terms of Γ. Before we prove a characterization of finiteness of G Γ let us mentioned two important properties of graph products of groups which will be needed several times in this article. 
We immediately obtain an answer to the question under which condition on the graph Γ the graph product of groups G Γ is finite.
Proof. If Γ is complete and G v is finite for all v ∈ V , then G Γ is a direct product of finite groups and is therefore finite. For the other direction let us assume that Γ is not complete or at least one vertex group is infinite. If Γ is not complete then there exist two vertices v and w which are not connected by an edge. The group G v * G w is by Lemma 2.2 a subgroup of G Γ , hence G Γ is infinite. If Γ has at least one infinite vertex group G x , then the group G x is by Lemma 2.2 a subgroup of G Γ , thus G Γ is again infinite.
Quasi-isometric invariants
In geometric group theory there is a canonical way to consider an abstract group as a metric space, namely by replacing the group with its Cayley graph. Let G be a finitely generated group and S ⊆ G − {1} be a finite generating set of G. The Cayley graph for G with respect to S, denoted by Cay(G, S), is a directed edge-labbeled graph given as follows: the vertex set V = G, the edge set E = {(g, gs) | g ∈ G, s ∈ S}, where for a directed edge (g, gs) the vertex g is the initial vertex and gs is the terminal vertex. The edge-labelling is given as follows ϕ : E → S, (g, gs) → s. The group G acts on Cay(G, S) via left-multiplication and one can show that this map is an isomorphism between G and the automorphism group of Cay(G, S). We consider Cay(G, S) as a metric space with the path metric. Clearly, the Cayley graph Cay(G, S) depends on the choice of the generating set of the group. For example Cay(Z 5 , {1}) and Cay(Z 5 , {1, 2, 3, 4}) are very different from the graph theoretical point of view, but these graphs are quasi-isometric.
Given a finitely generated group G and two finite generating sets S 1 and S 2 , the Cayley graphs Cay(G, S 1 ) and Cay(G, S 2 ) are quasi-isometric, see [4, I 8.17] . Two finitely generated groups G and H are called quasi-isometric if their Cayley graphs are quasi-isometric. One important fact is that every finite index subgroup H of a finitely generated group G is quasi-isometric to G.
A big goal in geometric group theory, which was initiated by Gromov, is a classification of finitely generated groups up to quasi-isometry. Quasi-isometric invariants allow us to distinguish between quasi-isometry classes of groups. A property P of a group is called a quasi-isometric invariant if for every two finitely generated groups G 1 and G 2 which are quasi-isometric, G 1 has property P if and only if G 2 has property P. It is obvious, that to be finite is a quasi-isometric invariant. Further examples of quasi-isometric invariants include Gromov hyperbolicity, virtual freeness and the number of ends. A proof of the following theorem can be found for instance in [4, Part I Theorem 8.32], [2] , [8] , [15] . Theorem 3.3. Let G be a finitely generated group.
(i) The group G has 0, 1, 2 or ∞ many ends.
(ii) The group G has 0 ends if and only if it is finite.
(iii) The group G has 2 ends if and only if it is virtually Z (i.e. G has a subgroup of finite index isomorphic to Z). (iv) The group G has more than 1 end if and only if G is a non-trivial amalgamated product A * C B or HNN-extension A * C with C finite.
In particular, it follows that the number of ends of the free product of two infinite groups H and K is ∞ and it is not hard to prove that the number of ends of the direct product of H and K is 1. Proof. If G ∼ = H ∼ = Z 2 , then the free product G * H is isomorphic to the infinite dihedral group D ∞ which is virtually infinite cyclic. Hence G * H is quasi-isometric to Z and Z has 2 ends.
Assume for contradiction that #G ≥ 3. The kernel of the canonical map π : G * H → G × H is a free group of rank ≥ 2, see [14, I §1 Prop. 4] . We obtain e(G * H) = e(ker(π)) = ∞, a contradiction. Groups with property FA have a group theoretical characterization which nicely illustrates the interplay between algebra and geometry. (i) The group G is not a non-trivial amalgam.
(ii) The group G has no quotient isomorphic to Z.
One can immediately deduce from Serre's characterization that a graph product G Γ has property FA if and only if Γ is a complete graph and each vertex group G v has property FA.
Before we formulate the next result concerning the number of ends of graph products we need the following lemmata. Proof. We assume for contradiction that G Γ is an HNN-extension. Then there exists a surjective map ψ :
A discription of virtually infinite right-angled Coxeter groups in terms of the defining graph is proven in [12, Cor.17] and in [5, Chapter 8.7] . We give here a slightly different prove for this characterisation. Proof. We first prove that any infinite subgroup of a virtually infinite cyclic group is virtually infinite cyclic. Let H be a virtually infinite cyclic group and K ⊆ H an infinite subgroup. Every virtually infinite cyclic groups contains a normal infinite cyclic group of finite index. Thus, the group H has a normal subgroup L of finite index with L ∼ = Z. Let f : K → H/L be the quotient map. We obtain K/ker(f ) ∼ = f (K). The image of K under f is a finite group and ker(f ) is an infinite subgroup of L, hence ker(f ) is isomorphic to Z, this fact proves that K is virtually infinite cyclic. Suppose for contradiction that Γ 2 has at least 3 vertices. Let us consider the structure possibilities for a graph with 3 vertices.
If Γ 2 has 3 vertices, then Γ 2 can not be isomorphic to ∆ 3 or ∆ 4 , hence the vertex group G v is connected to all vertex groups in Γ, thus v ∈ Γ 1 . If Γ 2 has the shape of ∆ 1 or ∆ 2 , then the corresponding graph product G Γ 2 is by Lemma 3.4 not virtually infinite cyclic. This contradicts the fact, that any infinite subgroup of a virtually infinite cyclic group is virtually infinite cyclic.
Suppose that Γ 2 has at least 4 vertices. Using the same argument as above it follows that Γ 2 has ∆ 1 , ∆ 2 or a cycle of length 4 as a full subgraph. The corresponding graph products of these full subgraphs are not virtually infinite cyclic. This contradicts the fact, that every infinite subgroup of a virtually infinite cyclic group is virtually infinite cyclic.
Assume that Γ 2 = ({Z 2 , Z 2 } , ∅). Then G Γ is isomorphic to G Γ 1 × (Z 2 * Z 2 ). The group G Γ 1 is a direct product of finite groups and is therefore finite. Hence, the group G Γ is quasi-isometric to Z 2 * Z 2 and this group is virtually infinite cyclic. Proposition 4.7. Let G Γ be a graph product of vertex groups with Serre's property FA. Decompose Γ as a join Γ 1 * Γ 2 where Γ 1 is a subgraph generated by the vertices which are adjacent to all the vertices of Γ.
The group G Γ has 2 ends if and only if each vertex group of Γ 1 is finite and
Proof. Assume that each vertex group of Γ 1 is finite and Γ 2 = ({Z 2 , Z 2 } , ∅). Then G Γ is isomorphic to G Γ 1 × (Z 2 * Z 2 ). Thus, the group G Γ is quasi-isometric to Z 2 * Z 2 and this group is virtually infinite cyclic.
Let G Γ be a graph product with 2 ends. To obtain a contradiction, suppose that at least one vertex group G v of Γ is infinite. The group G v has by assumption property FA and has by Lemma 4.4 exactly 1 end. This contradicts the fact that each subgroup of G Γ is virtually infinite cyclic. So far we have proved that each vertex group of G Γ is finite. Assume now that there exists one vertex group G w in Γ 2 with #G w ≥ 3. Since G w is a vertex group of Γ 2 there exist a vertex group G x such that the vertices v and x are not connected by an edge. Further, the subgroup G x * G w is by Lemma 3.4 not virtually infinite cyclic, which is a contradiction. Hence all vertex groups in Γ 2 are cyclic of order 2. In particular, the subgroup G Γ 2 is a right angled Coxeter group. We conclude from Lemma 4.6 that Γ 2 is isomorphic to ({Z 2 , Z 2 } , ∅). This finishes the proof.
Trees of groups
The aim of this section is to bring together two concepts: graph products of groups and trees of groups. The standard reference for trees of groups is [14] . 
The tree of groups π 1 (∆) is defined as the quotient *
Let G Γ be a graph product. For our purpose, we will consider trees of groups where the vertex and the edge groups are special subgroups of G Γ and the monomorphisms from the edge-groups into the vertex groups are canonical embeddings.
Example 5.2. Let us observe the following two graphs.
. Clearly, the graph product G Γ is isomorphic to the tree of groups π 1 (∆).
The following result is crucial for proving that the number of ends of a graph product of groups G Γ is greater than 1 whenever Γ has a complete separating subgraph the vertex groups of which are finite groups. For arbitrary Coxeter groups similar result is proven in [12, Theorem 1]. Proposition 5.3. Let G Γ be a graph product of vertex groups with Serre's property FA. If G Γ is a non-trivial amalgam A * C B with C finite, then G Γ is a tree of groups with finite special edge groups and special vertex groups.
In particular, there exist full subgraphs Γ 1 and Γ 2 of Γ with the following properties: Γ = Γ 1 ∪ Γ 2 and Γ 1 ∩ Γ 2 is a complete graph the vertex groups of which are finite groups. Hence, the graph product G Γ is isomorphic to
Proof. The graph product G Γ = A * C B acts via left-multiplication on the Bass-Serre tree T where the vertex set is {gA | g ∈ G Γ } ∪ {gB | g ∈ G Γ } and two vertices x 1 , x 2 are connected by an edge if and only if x 1 ∩ x 2 = gC for g ∈ G Γ .
If a subgroup H ⊆ G Γ is stabilizing an edge, then H is finite. This follows from the fact that the stabilizer of an edge {gA, gB} is the group gCg −1 which is by assumption finite. Further, if a subgroup H ⊆ G Γ is stabilizing a vertex gA resp. gB, then H ⊆ gAg −1 resp. H ⊆ gBg −1 .
We consider the following set consisting of special subgroups of G Γ :
Every group G Γ i ∈ E is a direct product of two vertex groups and has therefore property FA. Hence, there exists a vertex x i ∈ T which is stabilized by the subgroup
We construct a tree of groups π 1 (∆) as follows: Let ∆ ′ be the subtree of T generated by the vertices {x i | G Γ i ∈ E}. So far we have constructed a finite tree. For a tree of groups decomposition we need a vertex and an edge-labelling. For each vertex x ∈ ∆ ′ and each edge e ∈ ∆ ′ take the maximal special subgroup of G Γ which stabilizes x resp. e and collapse the edges where the edge group is equal to the corresponding vertex-group. Since G Γ is a non-trivial amalgam, the (smaller) tree ∆ = (K, L) has at least 2 vertices.
It is obvious that the edge and the vertex groups of ∆ are special subgroups of G Γ and each edge group is canonically embedded into the corresponding vertex groups. Furthermore, the edge groups are finite subgroups.
Our goal now is to prove that the tree of groups π 1 (∆) is isomorphic to G Γ . We denote by Ψ : K → {special subgroups of G Γ } the vertex-labelling and by Φ : L → {special subgroups of G Γ } the edge-labelling of ∆.
Let φ : π 1 (∆) → G Γ be the extending of the inclusion maps of the vertex groups Φ(k) into G Γ . By construction of ∆, each relator of G Γ is a relator of π 1 (∆). Further, for a vertex-group G v ∈ G Γ , the vertices and edges of ∆ containing G v form a subtree. Hence, the map φ is an isomorphism. Now we convert the tree of groups π 1 (∆) into an amalgam as follows: We take an edge e ∈ ∆. The graph (K, L − {e}) has two connected components ∆ 1 and ∆ 2 . We obtain π 1 (∆) ∼ = π 1 (∆ 1 ) * Φ(e) π 1 (∆ 2 ). In particular, the groups Φ(e), π 1 (∆ 1 ) and π 1 (∆ 2 ) are special subgroups of G Γ and the defining graph of Φ(e) is a complete separating subgraph of Γ the vertices of which are finite groups.
Proof of Theorem A
We are now ready to prove the main theorem of this article.
Proof. The first part of Theorem A is proven in Proposition 2.3 and the third part of Theorem A is proven in Proposition 4.7.
We shall prove parts (ii) and (iv). It follows from Theorem 3.3, Lemma 4.5 and Proposition 5.3 that G Γ has more than one end if and only if Γ has a complete separating subgraph ∆ the vertex groups of which are finite groups. Using the characterization of graph products G Γ with e(G Γ ) = 2, see Proposition 4.7, we obtain the statement of Theorem A(iv).
A characterization of graph products G Γ with e(G Γ ) = 1 is a consequence of Theorem A(i), (iii) and (iv), since a finitely generated group has 0, 1, 2 or infinite many ends.
